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ABSTRACT

We consider a nonlinear parabolic equation containing the porous medium
operator and a nonlinear absorption term, which causes the appearance of a
moving boundary. Basic behavior and regularity results are obtained for the
solution and the moving boundary under two different boundary conditions.
Also, the behavior of the solution and the moving boundary as time goes to
infinity is investigated.

§1. Introduction

Suppose that ¢ :[0,2)—{0,) is smooth, strictly increasing with ¢(0) =0, and
consider the pair of nonlinear parabolic moving boundary problems

u’=[oW)u +f(®), t>0, 0<x<y(1),

(D) u®=c, x=0 and u®=¢®w”). =0, x=9°@), t>0,
u®=u, t=0, 0<x<o,

and
ur =[¢" )+ f(u"), >0, 0<x<y™(),

(N) S =0, x=0 and u" ="y =0, x=y"(), >0,
u=u, t=0, 0<x<o.
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Here it is assumed that ¢,> 0, f:[0, cy]—> R is C' and nonincreasing with f(0) <0,
and that u, is a given initial value on the x-interval [0,c]. It is required that u”
and 4" remain nonnegative for all =0 and 0 < x = o, and so the assumption
that f(0)< 0 generally causes the appearance of the moving boundaries y° (t)
and y"(t). If u’, j = D or N, is the concentration of a material in a medium, then
@ (u'). is the diffusion term and f(u’) the absorption term. When j = D the
concentration is held constant at the left boundary and when j= N the left
boundary is sealed so that there is no flow out or into the medium at the left
boundary. The moving boundary y’(t) corresponds to the penetration depth of
the material.

The case when ¢ (u) = du where d > (0 has been studied in Crank and Gupta
[10] and Lyons and Martin [19]. The main problem studied here is when ¢ is
nonlinear [an important case is when ¢(u)=du™ where d >0 and m > 1}.
Although the general types of behavior for the solution in this case is similar to
the semilinear case, there are several difficult technical problems that arise. The
principal technique is to apply results from the general theory of nonlinear
semigroups to obtain information on the existence and behavior of solutions to
this concrete problem.

This paper is divided into three sections. The first part deals with the existence
of (generalized) solutions to (D) and (N) and is based on the theory of nonlinear
semigroups in the space #'(0,0). In particular, solutions are constructed using
approximations and the Crandall-Liggett theorem for the generation of semi-
groups in general Banach spaces (see, e.g., Brezis and Pazy (7], Evans [11], and
Goldstein [14]). (See also Fasano and Primicerio [13].) The second part gives
information on the behavior of solutions as t— and, in particular, the
asymptotic stability of the equilibrium solutions (see, e.g., Alikakos and Rosta-
mian [1], Aronson, Crandall and Peletier [4], Berryman and Holland [6],
Kamenomostskaya [16] and Lyons and Martin [19]). The final part considers
certain differentiability properties of the generalized solutions (see, e.g., Aron-
son [2], Aronson and Benilan [3], Crandall and Pierre [9], Evans [12], Kalash-
nikov [15], Kruzhkov [17] and Oleinik et al. [20]).

§2. Basic notations and results

The fundamental existence and behavior results for solutions are developed in
this section. Throughout this section it is assumed that ¢ is a function with the
following properties:

.1) 6:R—>RisC:, $(0)=0 and ¢'(r)>0 ifr#0.
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Principal examples are the functions ¢(r)=dr™ where d >0 and m=1. In
addition it is assumed in this section that 8, o and ¢, are numbers with ¢, > 6 20
and o > 0. Define the class of functions %; by

s ={f:R—>R:f is C' and nonincreasing, f(£§)>0
22) for £ <8 and f(£) <0 for & > co}
and the class of functions &; by

(2.3) Ps ={u:[0,0)—[8, co): u is measurable and nonincreasing}.

The class 9; is considered as a subset of £'= £'([0, o];R) where
IuIIEJ lu(x)|dx  forallu € £
0

Note in particular that 9; is a closed, bounded and convex subset of £'. The
class of functions %; will be expanded to a wider class later [see (2.17)].

For the first part of this section we consider the nonlinear initial-boundary
value problems

(= U)u +f(u), t>0, 0<x<o,
u(x,0)=uy(x), 0<x <o,

(2.4) and either

A

u(0,t)=co, u(o,t)=68 or

| &(u):(0,8)=0, u(o,t)=3,

where uo € %5 and f € F. As opposed to studying (2.4) directly, we set up a
corresponding abstract Cauchy problem in the space &'. First define the porous
medium operator P on #' by

Pu=¢(u) forallu € D(P)={u€ L' :¢(u), ¢(u) are abs. cont.
23) and ¢(u)' € L'}
Now for each 8 and f € %; define the operators A%, and A} by
D(AZ)={u € D; N D(P): u(0)= co,u(c) = 8},
26) Adu=dw) + f(u) forallu € D(A%),

and
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DA ={u €2, ND(P): $(u)(0)=0, u(c)= 8},
2.7
@7) A =o¢u) +f(u) forallu € D(AY).
Unless needed for clarity, the subscripts 8 and f are normally omitted in writing
the operators in (2.6) and (2.7). Also, it is assumed throughout that j € {D, N} so
that A’ denotes the operator in (2.6) if j = D and the operator in (2.7) if j = N.
Note that the initial-boundary value problems (2.4) can be written as an abstract
equation in &' in the following manner:

2.8) w(t)= Abu(t), 120, u©)=u. jE{D N}

In order to apply the Crandall-Liggett theorem on the generation of nonlinear
contraction semigroups, we establish the following properties for the resolvents
of the operators A’.

LEMMA 1. Suppose that A’ = A%, is defined by (2.6) or (2.7) and that h > 0.
Then I —hA' is 1-1 on D(A'),

(2.9 R(I-hAN={u—hA’u:u€D(A")}D Ps
and

(2.10) |(I-hAY'u—(T-hAY'v[ =Zlu—-v|,  forallu,v € Ds.

INDICATION OF PROOF.  From well-known facts about the dissipativeness of the
porous medium operator P in the space &' (see, e.g., [11]) together with the
assumption that f is nonincreasing, it is easy to show that

2.11) [(I-hAYu —(I—hA Yo}z |u—-10],

for all u,v € D(A’). This shows that I — kA’ is 1-1 and that (2.10) is valid for all
u,v € R(I — hA’). Thus, this lemma will be established once it is shown that
(2.9) holds. Since A’ is closed [i.e., the set (1, A’u) with u € D(A') is closed in
F'x £'] we see from (2.11) that R(I — hA’) is closed in &', and so it is only
necessary to show that R (I — hA’) contains a dense subset of @,. Therefore, we
show that if z is a continuous member of @5, the equation (I — hA’)u = z has a
solution u € D(A’). Assume for definiteness that j =D and consider the
equation

u(x)—h[gdéd)(u(x))+f(u(x))=z(x), 0<x<a u@=co u(oc)=2a

.12)
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Defining f(£)= ¢7(¢) for $(8)~1=£=d(c)+ 1. B(§)= ¢ ($(8)~ 1) for
E<$(8)—1 and B(£)= ¢ '(d(co)+ 1) for € = (co)+ 1, we have that B is
continuous and uniformly bounded. It now follows that the equation

B(v)-h(v"+f(B))] =z,
v(0)=d(c).  v(0)= d(8)

has a solution. Observe that if L is the inhomogeneous operator Lv = — hv”
with D(L)={v € £':v,v' are abs. cont., v"€ L' and v(0)= d(co), v(o)=
#(8)}, then L has a compact inverse defined on &'. Therefore, the operator
mapping v— L '(8(v)— hf(B(v))) is completely continuous and uniformly
bounded on ¥', and so it has a fixed point by Schauder’s Theorem. Any such
fixed point is a solution to (2.13). An easy application of the maximum principle
shows that any solution v to (2.13) must satisfy ¢(6)=v(x)= ¢(co) for all
x €[0,0). Thus, B(v(x))=¢ '(v(x)) for all x €[0,0] and it follows that
u(x)= ¢ '(v(x)) is a solution to (2.12) and that & = u(x) = ¢, for all x €[0,0].
To complete the proof we need to show that u is nonincreasing on [0,¢], and
since ¢ ' is increasing it suffices to show that the solution v to (2.13) is
nonincreasing. Suppose, for contradiction, that there is an x, € (0, ) such that
v'(x0)>0. Since v(o)= d(8)=v(x)= ¢ (co)=v(0) for all x €[0,0] we can
deduce that if

2.13)

x; =inf{x €[0,x,]: v'(y)>0 for x =y = xo} and

x> = sup{x € [x,,0]:v'(y)>0for xo=y = x}

then v"(x,) =0 and v"(x,) = 0. However, since z is increasing and £ —> ¢ ~'(£)—
hf(¢'(¢)) is strictly increasing on [¢(8), ¢ (co)], we have that

V'(x)= —3 2 (1) + 167 (0(0) - k(6 (X))

is strictly increasing on [x, x.). This is impossible since v"(x;)= 0 and v"(x:) =0,
and we conclude that v (and hence ) is nonincreasing and completes the proof
indication of Lemma 1.

Inequalities for solutions also play an important role in these techniques. If
u,v € £' we write u = v only in case u(x)= v(x) for almost all x €[0,c]. If
fi,f2€ %; then f, = f, only in case fi(£) = fo(¢€) for all & Note that if §, = 6, then
%5, D F;,, and so it makes sense to write f; = f, whenever f, € %,, f.€ %;, and
8 =8,
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LEMMA 2. Suppose that j € {D, N}, that (8, f) € [0,co) X Fs, and w; € D5, for

i =1,2. Suppose further that 8, = 8,, fi=f, and w, = w,. Then

(2.14) (I-hAL ;) 'wi=(I-hAL,) 'w,  forallh >0.

REMARK 2.1. Note that Lemma 2 essentially asserts that the map
(& f,iw)—=>(I—hA%) 'w of [0,co) X Fs X Ds into &' is increasing in each of its
components for any h > 0.

PROOFOFLEMMA 2. SetB=¢ ', B.= A} and u, = (I — hB;)) 'w, fori =1,2.
Setting v; = ¢(u;), we have B(vi)— h[v}+ fi(B(v:i))]=w: for i =1,2. Assume
first that w, and w, are continuous and let x, €[0,0] be such that

v1(x0) — va(x0) = Orgxaéygy{v,(x) — vy(x)}.

Suppose, for contradiction, that v,(x,) — v2(xo) > 0. The continuity of w, and w,
and the boundary conditions are seen to imply that v7(x,) — v3(x0) =0, and since
W\(XO)é Wz(Xo) it follows that

0= — h(0}(xe)— v%(x0))
wi(x0) = waxo) — [(I — hf)(B(v:(x0))) — (I = hf;)(B (va(x0)))]
— (I = hf)(B(vi(x0))) + (I = hf2) (B (v2(x0)))-
However, f, 2 f, implies I — hfo < I— hf,, and so
(I = hf)(B(vi(x0))) = (I = hf2)(B(vax0))) = (I = hfi) (B (v2(x0)))-

This is impossible since I — hf, is strictly increasing and v(x,) > v2(xo) implies
that B(vi(x0)) > B(v2(x0)). Therefore, v, = v, and hence

U= B(01) = B(v2) = Ua.

Since every w, and w, can be approximated by continuous w, € &5, and w, € P,
with w, = w, = w, = w,, we see that Lemma 2 is true.

A

The results of Lemma 1 show that A’ is a dissipative operator on D(A’) and
R(I - hA')D Ds; = D(A")for each h > 0. By the Crandall-Liggett theorem [8],

(2.15) Sidu = m(#;ﬁ-Aé_,) u, tz0, u€P,

exists, and S’ = §%, is a (Co) contraction semigroup of nonlinear operators on
Ds:
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(S1) S'O)u =u, S (t+s)u=S"(t)S'(s)u for all 1,6 =0, u € Js;

(S2) t— S’(t)u is continuous from [0,») into &' for each u € @;;

S |S'Ou-S' Wi =|u-v| forall t=0, u,v €D,

(S4) S’(H)u = S'(t)v for all t =0 whenever u,v € @5 with u =v.
The order preserving property (S4) follows easily from Lemma 2 and the
exponential formula (2.15). In fact, it is easy to see that the following is valid.

LEMMA 3. Suppose that j €{D,N}, that 0= 68, =6,<co, that i€ %; and
f:€ %, with fi = f., and that u, € D5, and u, € D5, with u, = u, then

(2.16) S (Ou =Sk, (Du,  forall t =0.

For each u,€ %5, the function u defined on [0,0]X%[0,°) by u(x,t)=
[S5A)uo](x) is a generalized solution to (2.4) satisfying the boundary conditions
u(0,t)=co, u(o,t)=24 if j =D and the boundary conditions ¢ (u),(0,1)=0,
u(o,t)= 8 if j = N. A crucial point in these results is that f(§) = 0, and hence the
solutions naturally remain larger than & by the maximum principle. In fact, when
6 >0 and the initial value u, is sufficiently smooth, the generalized solution
defined by the semigroup S%; is actually a classical solution to (2.4).

LEMMA 4. Suppose that >0, f € F; and u, € D(A})) is infinitely differenti-
able. If

u(x,t)=[SiA)l(x)  for (x,1) €[0,0] x[0,),
then u is the classical solution to (2.4). Also, u(x,t) is C* in x and C' in t on

[0,0] X [0,), and (x,t)— d..ut(x,t) exists and is continuous on (0,a)X (0,).

PrOOF. Let ¢ € C*(R) be such that ¢4(u)>0 for all u ER and ¢s(u)=
¢ (u) for |u|= 8. By Theorem 5.2, p. 564, and the arguments from p. 516 of
Ladyzenskaja et al. [17], there exists a unique classical solution u(x,¢) to

U = ¢s(U)x +f(u)’
u(0,1) = co, u(t,ag)=24,
u(x,0) = uo(x),

and that d..u(x,t) is continuous on (0,0) X (0,%). Since f(c,)=0 and f(§)=0,
the maximum principle (see Protter and Weinberger [21, Theorem 3.12]) implies
that & = u(x,t)=c, for all (x,t) €[0,0]%[0,%). Thus, ¢s(u(x, )= ¢(u(x,1))
and u is a classical solution to (2.4). Noting that the function u :{0,)— ¥
defined by [u(t)}(x) = u(x,t) is an £ -solution to (2.8) with j =D, and then
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applying Theorem 1.5, p. 115, of Barbu [5], shows that u(r) = S5 At)u, and since
the case j = N can be handled similarly, this completes the proof of Lemma 4.

Our main concern is to consider equations of type (2.4) with a large class of
nonlinear terms f. In particular, we remove the restriction that f(0)=0 when
8 =0, so that classical solutions to (2.4) do not necessarily remain positive.
Define the class of functions by

(217) F={f:R—R:fin C', nonincreasing, and f(¢) <0 for all £ > co}.

It is clear that ¥ D %, for each 8 =0. Also, if f€ % with f(§)=0 then f,
modified so that f(£)>0 for £¢< 3§, is in %;. Allowing f(0)<0 leads to the
following moving boundary problem:
ullx, )= o' (x, ) + f(u' (x,1)), t>0, 0<x<vy'(t)=o,
u'(x,0)= uo(x), 0<x<a,
(2.18) W ('(O),D)=o( Y 1)) =0 ift>0, Yy ()<o,
u'(x,t)=0 ify()=x=o,

u'(©0,6)=c, ifj=D and ¢(u'(0,t)), =0 ifj=N, t>0.

In order to write (2.18) as an abstract Cauchy problem it is necessary to
consider multivalued operators. Define the domains ° and 2" by

PP ={u € BN D(P):u(0)=co,u(c)=0} and
2.19) D" ={u €PN D(P): $(u)(0)=0,u(a)=0}.

Notice that @' = D(Aby) for jE{D,N} and any fE€ %, Now define the
multivalued operators A} for j €{D,N} and f € ¥ as follows:

(u,v)E A’ only in case u € 9/,

v(x)= ¢(u)'(x)+ f(u(x)) for almost all x €{0,0]
(2.20) such that u(x)>0, v(x)=0 if u(x)=0 and f(0)=0,
and f0)=v(x)=0if u(x)=0 and f(0)<0.

If f € %, then A}= A}, and we see that A}is multivalued only in case f(0)<O0.
Note also that if f € F and we define the relation f by
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{f(EN if £>0,
(2.21) f(&y=14{ron it £=0and f(0)=0,
[f0).0]  if §=0and f(0)<0,
then

(u,v)E Alonlyincase u €9’ and
(222) 1" T
v(x)E ¢ (u)'(x)+ f(u(x))foralmost all x €[0,c].
We have the following fundamental result for these operators Af:

THEOREM 1. Suppose that j E{D,N}, h >0 and f € . Then I — hA7} is 1-1,
R -hA)D Dy=D',

(2.23) [(I-hA) 'u—(I-hA) v =|u—v| forallu,v € Dy, and
(2.29) (I-hA) 'uz=(I-hA) v forallu,v € P, withu = v.

Furthermore,
(2.25) Sit)u = l"ig;(I—;tA';) u, t=0, u€E D,

exists in &' and S} has the following properties :
(S1) SHO)u = u, SYt + s)u = SA)Ss)u for all u € D, and t,5 =0,
(S2) t— SY(t)u is continuous from [0,) into &' for each u € 9,,
(S3) |SUHu - SA v | =|u—v]| forall t 20, u,v € P,,
(S4) SAt)u = SHt)v for all t =0 whenever u,v € Do with u = v.

Observe that the properties (S1)-(S4) for the semigroup S} are precisely the
same as those for the semigroup Si, given previously. Since the porous medium
operator P is dissipative and the multivalued extension f of f in (2.21) is also
dissipative, it is easy to check that A is dissipative and hence

|{(I—hADu—(I—-hADv| i =|u—-v| forallu,v € 9, h>0.

This shows that (2.23) holds whenever u and v are in & (I — hA ). Thus the main

part of the proof of Theorem 1 is to show that R(I —hAj)D Do, and to
accomplish this we use the following lemma:

LEMMA 5. Suppose that f € F and v € D,. Suppose further that {8} is a
nonincreasing sequence in [0, ¢,) with lim_.. 8, =0 and that {f.}\ is a sequence of
functions with f, € &s,, fin = fc for k 21, and
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(2.26) lim fi (§) = (&) uniformly for ¢ € [, c,) for each n > 0.

Also let {v}7 be any sequence in &' such that v, € B, v < ve fork =1, and
Lim]vk -], =0.

Then it follows that v € R(I — hA)), that
(227) ([ - hAngV/kH)_lUkﬂ = (I - hAgk‘/k);IUk forh > O, k = 1,

and that
(2.28) lim(I—hAL ) o =(I—hA Y 'v uniformly on [0, for each h > 0.

PrROOF. Setting u = (I — hA%, ;) 'vi, we have that 8 = u,., = e by (2.14) in
Lemma 2, and hence u = lim,_.. u; exists both in #' and pointwise on [0, ], and
so u € 9, since DoD D5, and D, is closed in £'. Also, by definition,

(2.29) buy(r) = BEZB g (1))

and since ., v« and fi(u) are uniformly bounded, there is an M > 0 such that
| (w)'(x)|=M for almost all x €[0,¢] and k = 1. Thus {¢(w )}  is an
equicontinuous and uniformly bounded sequence and it follows that é(u) is
differentiable on [0, 0] and that ux — u and ¢ (ux )’ — ¢ (u) uniformly on [0,0] as

k—x. If r=min{x €[0,0]: u(x) =0} then w (x)= u(x)>0 for x €[0,7), and
by (2.26), fi (ux (x))— f(u(x)) uniformly on [0, p] for each p < 7. Thus, by (2.29),

pluy(r) = L) gy (1)

for almost all x €[0,7)

and it follows that if
d(u)'(x)+ f(u(x)) for0=x<r
w(x)=
—h7'v(x) forr=sx=o
then u — hw = v. Since it is clear that u € D (A}) the proof will be complete once
it is shown that w € A/u [i.e. (u,w)E AJ]. To show this it suffices to show that
~h7'v(x)= f(0) for almost all x E[r,0]. If 7=x <y =0 then

Y~ b () = [ et = 0o lar = [ o)

= J;y [ue (r)— v(r)]dr - hf fu (r))dr
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where we used that fact that f = fi.1 = fi. Letting k — = and using the facts that f
is continuous and u = ¢(u) =0 on [r,0] shows that

0= —jyv(r)dr—hfyf(ﬂ)dr = —fyv(r)dr—h(y = x)f(0).

Thus, f(O)< —h '(y —x) ' [v(r)dr and letting y—x + shows that f(0)=
—h™'v(x) for almost all x € [7.a], and completes the proof of Lemma 5.

COMPLETION OF THE PROOF OF THEOREM 1. Let f&€F for k=1, let
M :[0,2)—[0.1] be a smooth function such that 7 (0)=0 and n(u)=1 for
u = 1/k. Assume also that m =, for all k and define fi on [0,%) by
fiw)=m(u)f(u) for all u=z0 and k=1. If v € P, and we take & =0 and
v = v for all k = 1, then it is easy to see that each of the suppositions in Lemma
5 is fulfilled. Thus v € R(I — hA ) and it follows that R(I — hA)) D D(A) = D,
for all h>0. Since it has already been indicated that (2.23) holds, the
Crandall-Liggett theorem implies that the limit in (2.25) exists and if SKt)u is
defined by this limit, then (S1)-(S3) are satisfied. The fact that (2.24) follows from
(2.28) and (2.14) in Lemma 2, and (2.24) along with (2.25) show that (54) is also
true. This completes the proof of Theorem 1.

By a combination of Lemma 5 and a theorem of Goldstein {13] (see also Brezis
and Pazy [7]) we have the following result for the approximation of the
semigroups S}

PROPOSITION 1. Suppose that f € F, v € Dy, and that 8., v« and f, are as in
Lemma 5. Then

(2.30) Shau S fork =1
and
(2.31) Sit)o =lim S}, 4 (t)ve

in &', uniformly for t in bounded intervals.

§3. Asymptotic behavior

In this section we continue to use the notations in §2. If j €{D, N}, f € % and
7={SXt):t = 0} is the nonexpansive semigroup on 9, defined by (2.25), then
the function
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(3.1) w (x,t)=[SKuo) (x), (x,.)E[0,0]%x[0,%)

is the generalized solution to the moving boundary problem (2.18). Since
u'(,t) € Dy, u'(x,t) is decreasing in x € [0, 0] and the moving boundary y’ can
be defined directly from u’ by the relation

y'(t)y=inf{y €[0,0]:u'(x,t)=0forall x E[y,a}}.

The main purpose of this section is to show that (2.18) has precisely one

equilibrium solution in @,, and that for each u, € %o, the solution to (2.18)

approaches the equilibrium solution as t— . Stated in terms of the semigroup
t we have the following basic result:

THEOREM 2. Suppose that j €{D, N}, that f € F with f(0)=0, and that A} is
defined by (2.20) and S} is defined by (2.25). Then there is a unique w* € @' =
D(A)) such that

(3.2) 6EAw* and S{)wi=w%  forallt=0.
Also,

3.3 lim St)uo= w* in £' and pointwise on [0, ] for all u € D,.
(3.3) lim

Moreover, if f(0)<0 and
y¥=inf{y €[0,0]: wi(x)=0fory = x = o}

then for each uy € Dy,
(3.4) limy’(£) = v

where ' (t)=inf{y €[0,0]:[SYt)ua](x)=0 for y =x = o}.

For the proof of this theorem we use two lemmas, each of which is assumed to
be with the suppositions of the theorem.

LEMMA 6. Suppose that 8(x)=0 and co(x)=c, for all x €(0,0]. Then
(3.5) SKt)8 = SUs)8 and SHt)co=SKs)co  forallt=s=0
and there is a w* € 9’ such that
(3.6) S8t wt | St)eo  ast—w,

where the limits are both pointwise and in &' on [0,a]. Moreover, S{t)w* = w?
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for t =0 and 6 € A w?). In particular, there is a y* €[0,0] such that
dw3)'+f(wi)=0 for 0<x<y7,
) wi(y)=0, ¢(wi)(y")=0 ifyi<o,
wi0)=co ifj=D and ¢(w?)0)=0 ifj=N.
PROOF. Since S(t) preserves order on 9, [see (S4)] and since 6 = uy = ¢, for
all uo € Do, we see that St —s)6 = 6, and hence
SHE)0 = SHs)SHt —s5)0 = Ss)6
for t = s 2 0. Similarly, SXt — s)co = ¢, and hence
St)co= SKs)SAt — s)co = S4s)co
for t = s = 0. This shows that (3.5) is true and also that there are 2}, z3 € 9, with

z¥ = z3% such that

limSKt)0 =z% and lim SHt)co=12%

1=
pointwise on [0, 0], and hence in £' by monotone convergence. By continuity
and the semigroup property,

SHt)z* =1im S(1)Ss)6 = lim St +5)8 = 2}

and hence S{t)zt=z* for all 1 =0. Similarly, SXt)z%=z% for t 20 and this
lemma will be established once it is shown that z7 = z3.
Applying Theorem 1.5, p. 115, of Barbu [5], it follows that (z%,0),(z3%,0)E
L andso z%,z% € 9. Using this fact and setting y* = inf{y €[0,0]:2%(x)=0
for y = x =0} for i = 1,2, shows that the pairs (z1,y1) and (23, v%) are each
solutions to the free boundary problem

d(w)(x)+f(w(x))=0, x€&[0,v),
w(y)=eé(w)(y)=0 ify<o,
9 w)=0 ity=o
w()=¢, ifj=D and o&(w)(0)=0 ifj=N.
If j = N then clearly z1 =0. Since

d(z3)'(x)= —f(z3(x))=0  forx €[0,v%],
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we see that ¢(z3) is nondecreasing on [0, y%]. Since 23 [and hence ¢(z3)] is
nonincreasing and since ¢ (z3)'(0) = 0 when j = N, we immediately conclude that
y%=0. Thus z}{=2z%=0 when j = N. Now suppose that j = D. Since z}1 =23
we have that y¥ = y%, and hence both zT and z3 satisfy the differential equation
in (3.8) for x €[0,y?%]. From this it follows that

[6(z3)— D] [$(z2D) -z N]= —[f(z3)~ fz D] [#(27) — ¢(z )]
for all x € (0, y%). Since ¢ is increasing on [0,) and f is nonincreasing, the right

side of this equation is nonnegative, and so

[ 16en-sEnr-18GD-bEDldr 20,
Integrating by parts and using the boundary conditions

¢(z1)0)=¢(z1)0)=¢d(c)) and S(zT)(y1)=(z1)(¥1) =0,

it follows that
[ toen-sEnr s sEnansEnOD.

Since x— ¢(z%)(x) is nonnegative and nonincreasing, we have that
d(z3) (¥ (z3)(y¥) =0, and hence ¢(z%)(x)=¢(z})(x) for all x €[0,v1].
Since ¢(23%)(0)= ¢(z3(0)) = d(co) when j =D we conclude that ¢(z3)(x)=
#(z%)(x) on [0,y1]. From this it follows that z% = z} on [0, 0] and the proof of
Lemma 6 is complete.

LEMMA 7. Suppose that w* € 9’ and y* are as in Lemma 6 and that u, € 9o
with uo= w*. If y% <o then
tfyi(r) .
(3.9) |SKOuo—wiliSluo—wili+ j j FASUD U} (xVdxdr  forallt >0
0 Jy*
where
yY()=inf{y €[0,0):[S{Du}(x)=0fory=x =0}  foreacht>0.

Proof. For each k=1 let m be a smooth, nondecreasing function on
[1/k,®) such that m(1/k)=0 and m(u)=1 for u=2/k. Assume also that
s Z M on [1/k,) for k =1 and define fi(u)= ni(u)f(u) for u=0. Then
fc(1/k) = 0 and by appropriately defining f, (u) for u <1/k, we may assume that
fi € Fun and fin = fi for all k = 1. Now set

€. = {v € D(Axy): v is infinitely differentiable and v = w*}
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and let v € &,. Then the function
u(x,) =[S v)(x) fortz0, 0=x=o
is a classical solution to
w=adU) + filu), t>0, 0<x <o,

u (o, t)=1/k,

3.10
(3.10) w(0.0)=co ifj=D and 9.p(u(0.0)=0 ifj=N,

u(x,0)=v(x), 0<x<o

(see Lemma 4 in §2). Also, by Proposition 1 in §2 and property (S4), the facts
that v Z w* and f. = f imply that

AV Z S v = SHHw* = w*,

and so u(x,t)zw*(x)forall t 20,0= x = 0. Since w* satisfies (3.7) in Lemma
6 and since u satisfies (3.10), if

p(t)sj;a[u(x,t)—w*(x)]dx fort =0,

then, suppressing the variables,

p’(t)=f udx +f udx
0 *

Y

= [ 180+ @)= 907 = o+ [ (B0 + frtuld
:ﬁf[¢WLx—¢(wﬂuwx+jf[ﬂw)—f0ﬁndx
+£¢wua+£ﬂwmx
= (o).~ (W)L +[B(w) I
[T 1R folan + [ s
= —[¢(u)(0) = ¢ (w*).(0)]
+80.0)+ [ 0= 1w+ [ fi
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Since u =z w* and u(0,t)=w*(0) if j = D, it is easy to see that
d(u).(0)— ¢(w*). () =0.
Since ¢ (u) is nonincreasing, ¢(u). (o) =0 and it follows that

p0= [ - fornldr+ [ fws

Integrating each side of this inequality from 0 to ¢,

p0-p= [ ["ih@-ron+ [ [

and it follows that if v € &, and u is the solution to (3.10), then

[ t fy(T)
|u(.,t)—w*|,§|v—w*|,+l[) J:) [fk(u)—f(w*)]dxd1-+J; L_ fi(u)dxdr

where we use the fact that fi(u)=0 in estimating the last inegral. Since
u(-,t)=Siu (v and Siu,(t) is nonexpansive for the £' norm in v [see
property (S3)] and continuous for the #' norm in ¢ and since both f and f, are
continuous on 9, relative to the £’ norm on [0, ], it follows that

,SIl‘/k.fk(t)U - w*ll = | v - w*,x + J:]' J;V [fk(sli/k./,‘(t)v)—f(w*)]dxdT
* J:l‘ J'y-(f)fk(sli/k-fk('r)v)dxdr

for all v € @, with v =2 w*. (Note that the ¥' closure of & equals {v €
D : v = w*}.) Therefore, we can select a sequence {v}”, such that v, € Dy,
Ve Z o, Deai S0 and Llimecve = uo. I w(x,1)=[Siu(f)oc}(x) and
u(x,t)=[SAt)us](x), then

u(x,t)Z u(x,t) and i"-}‘inluk(-,t):u(-,t)

by Proposition 1 in §2. Thus if 0 < x < y*, then x < y(t) and wu.(x,#) = u(x,t)>
0, and so

filu(x,8)) = f(u(x,1))  fort>0, O0<x<y*
when k is sufficiently large. From this it follows that fi (u(x,t))— f(u(x,t))

pointwise almost everywhere on (0,¢)X(0,y*). Setting v = v, in (3.11) and
letting k — % shows that
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,S;(t)u(,~ W* I] = l Up— W* ,[ + J’()l J:)‘Y [f(SKT)u())_f(W*)]dxdT
[ " f(SUeyurydxdr

for each ¢ > 0. Since f is nonincreasing and St)us = w*, the first integral term
on the right side of this inequality is nonpositive, and we see that (3.9) is true.

PrOOF OF THEOREM 2. Lemma 6 shows that (3.2) is true. Also, since
8 =< u, = c, for all uy € @y, we have that S{1)0 = S{t)us = Si(t)co for all t = 0 by
(S4), and so assertions (3.3) and (3.4) will be established once they are shown to
be true for uy, = 6 and u, = cy. Thus by (3.6) in Lemma 6 we also see that (3.3) in
Theorem 2 is satisfied. Let v* and y(t) be as in Theorem 2 with u, = 6. Thus
y(t)=<y* for all +=0 since S{1)6 = w* and y(¢) is nondecreasing by (3.5) in
Lemma 6. Moreover, if 0 = y < y* then [S{£)8](y) 1 w*(y)>0 as t »>, and so
there is a T(y)> 0 such that [SX#)8](y)>0 for t = T(y). Thus y(1)=y for all
t =2 T(y) and it follows that y(t) T y* as t—=. Now suppose that u, = ¢, and
v(t) is the corresponding moving boundary. Then (3.5) shows that y(t)= y* and
y(t) is nonincreasing. Thus let A =lim,_.. y(¢). Then A 2 y* and since f(0)<0
and f is nonincreasing, it follows from (3.9) in Lemma 7 that

|SHE)co— w* Iy = Jco— wHi+ j )' J:T) FASK e (x))dxdr

£ ()

=|co—w*|, +J ' f(0)dxdr =|co— w*| + (A — y*)f(0).

0
Letting t — shows that A = y* and completes the proof of the Theorem.

The original physical model motivating the study of these equations is the
diffusion of oxygen in absorbing tissue. In this case the solution u(x,t) is the
concentration of the oxygen and moving boundary y(t) is the penetration depth
of the oxygen into the tissue. Initially there is no concentration of oxygen in the
tissue and the oxygen concentration is held equal to the constant ¢, at the surface
[this corresponds to the Dirichlet boundary condition at x =0 and j=D in
equation (2.18)]). Once the penetration depth y”(¢) has approximately reached
equilibrium state [see (3.4) in Theorem 2 with j = D] the surface is sealed (this
corresponds to the Neumann boundary condition at x =0 and j = N in equation
(2.18)] and the penetration depth y™(f) then reaches back to the surface [see
(3.4) in Theorem 2 with j = N]. Therefore, the two principal equations to be
analyzed are the system
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ul(x )= U’ (x. ) + fu®(x 1)), >0, 0<x <y”(r),
(3.12)  u”0.0)=co. U U).)=SdW (Y2 (1).1) =0, >0,

u®(x,00=0 for0<x <o,
and the system

ul(x, )= (x, 0+ fu™ (1), t>0, 0<x<y”(1).
(B.13) ¢ 0.0). =0, u™(y"(O).0)=d (¥ (1).0)). =0, >0,

u(x,0)=whx), 0<x <0,

where wj is as in Theorem 2:

d(wh)'(x)+ f(wi(x)) =0, 0<x<yh,
(3.14) wi0)=co. wolybd)=d(wb)(y5)=0,

wi(x)=0 foryh<x=o.

We assume now that f(0)<0 and y5< 0.

According to Theorem 2, we know that u”(x, 1)1 wh(x) and y°(£) 1 v5 as
t—, and that u"(x,t)—~0 and y"(t)—0 as t—>». However, our next result
shows that the precise asymptotic behavior in these two cases is considerably
different.

THEOREM 3. Suppose that ¢ is € on (0,<) and g(£)= f(¢d '(£)) is €' on
[0,) for some a > 0. Suppose also that f(0) <0, w} is the solution to (3.14) with
vi<o,u® y" is the solution to (3.12), and u™, y" is the solution to (3.13). Then

() vt wix), ¥y ()1 yhaston, ¥y (1)<yb

and u®(x,t)<wh(x) forallt>0, x€(0,v%); and

() u™x,){0, y"(@®)|0 as t—>x, and there is a finite 7 >0

such that u®(x,t)=0, y"()=0foralltzr, 0=x=o0.

The hypothesis that ¢ is € on (0,) is not very restrictive, since ¢ is normally
of the form ¢(u)= du™ where d >0 and m = 1. The function g(¢) = f(¢ '(£))
is required to be €'** on [0,) so that the results in [19] can be applied. Note
that if ¢(u)=du™ and f(&)= b&*, then g(&)=f(¢'(¢)) is €' on [0,) if
k =0 or if k =2 m. Of course, the main point in Theorem 3 is that the moving
boundary in (3.12) remains strictly less than its limiting value for all time,
whereas the moving boundary in (3.13) actually equals its limiting value after a
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finite amount of time. For the proof of Theorem 3 we use several preliminary
lemmas, each of which is assumed to be under the hypotheses of the theorem.

LEMMA 8. Suppose that 8 =0, f; € F; and z0 € D; is such that ¢(z,) is twice
continuously differentiable on [0,0). If

b (z0)' +fs(za) =0 forz €{0,0],
(3.15) zl)=co and  zo(o) =8,
then

SeDzo= S5 (Hzoz 2o foralltzs=0.

Proof. Setting vy = (I —hAZ;) 'z, we see that

Vo — h[(f)(vn)” + fs(Uu)] =20Z Zo— h[d’(zn)n + f(Zu)]

and hence that

(3.16) vo— 20 = h{d(ve) ~ d(20))" + h{f(vo) ~ f(20)]-
Let x,€[0.0] be such that

@ (vo(x0)) — D (zo(x0)) = min{d (ve(x)) — d(z4(x)): x €[0, o]}

Since vu(0) = co = zo(x0) and vo(o) = 8 = z4(0) we see that a negative minimum
for ¢ (vo) — ¢ (zv) (and hence for v, — z,) can occur only if x, € (0, ). Since this
would imply that {d(ve)— ¢ (z0)]"(xe) =0 and since f; is nonincreasing, it is
impossible for (3.16) to hold at such an x,, and we conclude that ¢ (vs) = ¢ (z4).
and hence vy = zy. Thus (I -~ hA7,) 'z = z, and the order-preserving property
(2.14) in Lemma 2 shows that

(I - hA 2[5)_"20 = (I —hA 50_/5)7"+IZ() 20 2 (I - hA ?,;&)712., = Zo

for all h >0 and positive integers n. Setting h = t/n and letting n — = implies
that $3,(f)z0= z, for all 1=0 by (2.15). Finally, using the order-preserving
property (84), if t = s =0 then

San()zo= S5i()Sa(t — 5)z0 = S51(5)20
and the proof of this lemma is complete.

LEMMA 9. Suppose that {8.}7 is a decreasing sequence in (0,c,) with
limi. 8 =0 and that {f.}7 is a sequence of €~ functions with f, € F,, firi = fi
for k z 1, and lim,_.. f (&) = f(§) uniformly on [n,co] for each n > 0. For each
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k =1 let v* be the solution to the semilinear parabolic equation
vi=oLtfi(d (), >0, 0<x<a,
(3.17) 0(0,1)=d(co). v (a,t)= (&), >0,
v (x,0)= (), 0<x<oa,

then ¢(8) < v*(x,t) = b(co) for all (x,t)€[0,0]x[0,%) and v* is € in both x
and t on [0,0]x (0,%). Moreover, vi(x,t)Z0 for all (x,t)E[0,0]%(0,%) and
Flimos0* (¢, ) = $(8:) for each k = 1.

Proor. The maximum principle shows that ¢(8.)= v* = ¢(c,) and since f;
and ¢ ' are €~ on [¢ (k). d(co)] and (3.17) is a semilinear parabolic equation we
also have that v* is €~ on [0,0] x (0,%). Noting that

05(%,0)+ fi(d 7 (0" (x,0)) = fu (¢ ' ($(8:))) = fe(8) =0

since fi € %, we see from the preceding lemma (with ¢(u)= u) that v;=0.
Since (3.17) generates a Cy-semigroup in £' we also have that
v (-, )= 0 (-.0)=¢(8) is L' as t—>0+ and the proof is complete.

LEMMA 10.  Suppose that p = max{¢'(£):0 = ¢ = ¢} and that v is the solution
to the semilinear moving boundary problem

U = woe + uf(@7(0), >0, 0<x<A(),
(3.18) v(0,0)=d(co), v(A(),)=0v.(A(t),1)=0, >0,
v(x,0)=0.
Then the solution u® to (3.12) satisfies
(3.19) duP(k)=v(xt) forallt=0, x€[0,0].

ProoF. For each k = 1 let v* be the solution to (3.17) and let & > 0 be such
that |0* (-, & )| = 20¢(8«). We know from Proposition 1 that v*— v as k >,
uniformly on [0,0] X [0, T] for each T > 0 (see also Lemma 1 and equation (2.14)
in [19]). If u* = ¢ '(v* (-, &) then u* is €~ and in D(A 7, ;). Thus, by Lemma 4,
u*(x,t)=[Sss(t)ugl(x) is a classical solution to

ub= ") + f(u*), t>0, 0<x<a,
(3.20) W0, 0) = co, U (a,0)= 8, >0,

u (x,00=¢ '(v“(x,&)), 0<x<o.
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Since v(x,£,)=0 by Lemma 9, we see that

& (" (x,0))ux + filu* (,0)) = viulx &) + fu(@7' (0" (x, £)) = 0

and it follows from Lemma 8 that u;=0 on [0,0]x(0,®). Therefore, if
wh(x,t)= ¢ (u“(x,1)), then

wi=¢'(u s pul=pldu" ) + fiu)) = pwi+ pfi(@'(w"))

and it follows from the maximum principle that w* = z* where z* is the solution
to

zi=pz i+ pfi(67'(2"),
z2¥(0,8)= b (co), z*(o,t) =6,
2% (x,0) = v*(x, &).

Therefore, ¢(u*(x,t))= z*(x,t) for all t =0, x €0, o], and since u“ — u” and
z¥—1p as k—>», we see that Lemma 10 is true.

PROOF OF (i) IN THEOREM 3. Since z5(x)= ¢(wi(x)), A5 = y5 is the equilib-
rium solution to (3.18), we have from Theorem 3 and Proposition 3 in [19] that
the solution v,A to (3.18) satisfies v(x,t)<zp(x) and A(¢t)<yp for all =0,
x €[0,y*). Thus, using (3.19),

u® ()= ¢ ((x, 1)) < ¢ (z25(x)) = wh(x)

and y°?(t)= A(t)< y} for all t =0 and x € (0, y3). This completes the proof of
part (i) of Theorem 3.

LeEMMA 11. Suppose that § =0, f; € %, and z, € D5 is such that ¢ (z,) is twice

continuously differentiable on [0,0). If
¢(Zo)’l+f5(2(,)§0 fOT x € [0,0’],
3:21) (z)(0)=0 and zo(0)Z 5,

then
Si()z0= S5()z0= 20 forallt Zs5 =0.

INDICATION OF PROOF. Following the ideas in the proof of Lemma 8§, if
vo= (I — hA};) 'zo then

o~ 20 = h[d(vo) = d(z0)]" + h[f(va) — f(z0)]-
Now let x, €[0,0] be such that



102 S. GUTMAN AND R. H. MARTIN, IR. Isr. J. Math.

& (vo(x0)) — b (20(x0)) = max{ (ve(x)) — ¢ (z0(x)): x €0, 0]}

If this maximum is positive then x€[0,0) and if x,=0 then
& (o) (0)— d(z0)(0)=0 and it follows that [d(ve)— d(z0)}"(xe)=0. This is
impossible since f; is nonincreasing and we conclude that (I — hA 3,) ' z0 = z, for
all h = 0. The assertions now follow analogously to the proof of Lemma 8.

Now suppose that {8 }7, and {fi}, are as in Lemma 9 and for each k = 1 let y,
be the (unique) solution to the boundary value problem

YU+ (@7 (e (x)), 0<x<y*
y(0) = ¢(co), y(¥y*)= & (3)

Then the maximum principle implies that 8 = y«(x) = ¢, for all x €[0, y*], and
hence that y(0) =0 (in fact, y« € 25, with o = y*). By Lemma 11 with ¢ (u)= u
the solution z* to

(3.22)

Zi=zh+ fi(@7'(z¥)), >0, 0<x<y*,
(3.23) 2H0,0=0, z*(y*1)=d(&), >0,
24(x,0) =y (x), 0<x<y*

satisfies z:(x,t)=0 for all (x,t)E[0,y*]x (0,»). Since (3.23) is a semilinear
equation and fi(¢ '(+)) is €7, the solution z* is €~ in (x,¢) for t >0 and also
satisfies z*(-,t)—y. in &' as t—0+. Moreover, the solution y. to (3.22)
satisfies y. — ¢(wh) in £' as k >, and it follows that positive numbers &, can
be selected so that

¢ '(z"(-,e))ED(AL,) and is €7,
(3.24) zi(x,&)=0, and|z"(-,&)—wh|i =0 ask—w.
LeMMA 12.  For each k =1 let v* be the solution to
vE=d(0 ) +fi(v"), >0, 0<x<y¥,
(3.25) $(05)(0,0)=0, v*(y*,1)=8, >0,
v (x,0)=¢ '(z"(x,&)), 0<x<y*

Then v* is € in x and €' in t on [0,0] % [0,%), v:(x,t)=0 for all t >0, and
(3.26) uN(-,t)=$’-Li_r!lvk(-,t)

uniformly for t in bounded subsets of [0,).



Vol. 54, 1986 POROUS MEDIUM EQUATION 103

Proor. If vi(x)=¢ (2" (x.&)) for 0=x =y* then vy is €~ and in
D(A% ) by (3.24). and since

v (5, 1) = [S5ave](x)  for(x,1)€[0,y*] x[0,),
it follows from Lemma 4 (with o = y*) that »* is €* in x and €' in ¢ Since

7' (L a))—> ¢ (d(wE) = wh

in #' as k—>®, we may apply the proof techniques in Lemma 5 to show that
(-, )= u™(-,t)is £, uniformly for ¢ bounded. Notice that the convergence is
not monotone; however, (2.29) in the proof of Lemma 5 is still valid and the
proof follows analogously using the injectiveness of (I — hA}). Since z (x, &) =
0 we have from Lemma 11 that

Save= S5 (sve=vs forallt=s=0,

and so v{(x,t)=0 for all > 0. This completes the proof of Lemma 12.

PROOF OF (ii) IN THEOREM 3. Since v/(x,t)=0, it follows from (3.26) that
u™(x,t) is nonincreasing in ¢ and hence y"(t) is nonincreasing for ¢ = 0. This
shows that y"(¢) | 0 as t— . Since the solution v* is nonincreasing in x (in fact,
v*(-,1) € P5,) we have that ¢(v*(x,t)) is nonincreasing in x, and since

(04 (0,1)] =0

by the boundary conditions in (3.25), we see that

62
oo 0.0)]=0.
From the differential equation in (3.25) it now follows that
v/0,0)=fi(v*(0,1)) forallt>0, k=1.

From this it follows that v*(0,¢) = u,(¢) for all t =0, where v, is the solution to
the ordinary differential equation

VL(t)=fk(Vk(t)), Vk(0)= Co, té()
Since v“ is nonincreasing in x,
(3.27) v ()= w(t) forallt=0, x€[0,v*].

Note that if v is the solution to
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v'()=f(v(t)), v0)=c, 120,

then v'(t) = f(0) <0 for as long as v(t)>0, and it follows that there is a £,>0
such that v(¢t)>0 for ¢t <t and v(t)=0 for t =¢,. Then v (t)— v(t) for all
t€[0,t,] as k—», and it follows from (3.27) that u"(x,t)= »(t) for all
(x,1) € [0,y*] %[0, 1]. Since v(#,)=0 the proof of Theorem 3 is complete.

§4. Regularity of solutions in a special case

The existence results obtained in §2 are of a very general nature and the
purpose of this section is to indicate that in certain situations one can establish
additional continuity and differentiability properties of the semigroups gener-
ated by this moving boundary problem. In the semilinear case [i.e., the case
when ¢ (u)= du], it is shown in [19] that the solution u’ = u’(x,t) to (2.18) is ¢'
in t and € in x so long as u’(x,t)>0, and that it is €” in t and €'™ in x on
[0,0] % (0,) for some v >0. However, the solution always has a singular point
in its ¢ partial derivative (and hence in its second x partial derivative) at the
moving boundary. Therefore, even in the semilinear case, solutions to (2.18) are
not smooth on all of (0,5)X (0,%).

In this section we consider the case when ¢(u)=du™ where d >0and m = 2.
Thus, our problem has the form

wi(x, )= d(u (x, )n+ f(u' (x,1)), >0, 0<x<y'(1),
u'(x,0)= uy(x), 0<x<o,

4.1 W@ @),)=w @ @)))r=0 ift>0, y'(t)<o,
wxt)=0 ify(t)=x=o,
W(O,t)=c, ifj=D and (W (0,0)r=0 ifj=N,

where u, € @,. Recall that if A}is defined by (2.20) and S} is defined by (2.25),
then the (generalized) solution u’,y’ to (4.1) is defined by

w(x,t)=[SiOuo)(x) fort=0, x€(0,0],
“42) Y () =inf{y €[0,0): u'(x,t)=0for x Ely,o]}.
Our first result shows that solutions to (4.1) are €' in x.

THEOREM 4. Suppose that m =2, f is €' and u’ is defined by (4.2). Then
(u'(x,1))r exists on (0,0)x(0,2) and is continuous in x. In particular,
Wi (y'(1),0)r =0 for all t >0 such that y'(t)<o.
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For the proof of this theorem we use a preliminary lemma, which follows the
methods of Aronson [2] and Kalashnikov [15]. For each 8 >0 the notations
%5, D5, and S4, are as in (2.2), (2.3), and (2.15), respectively.

LEMMA 1.3. Suppose that § >0, vo€ Ds, f; € Fs is €' with f;(8)=0, and
v/ (x,8) = [S())(x) where S}, is defined by (2.15) with ¢(u)=du™ where
m = 2. Suppose also that 0 <a <b <o and 0<7<T. Then

4.3) [ (x,)r ' |=C  for (x,t)E(a,b)x (7, T)

where the constant C depends only on m, a, b and . Moreover, if vi "' is €* on
[0,0] then (4.3) remains valid with =0, where C now depends on
max{|(vo(x))7 '|:x €]0,0]} instead of .

INDICATION OF PROOF. Since we follow the methods of Aronson [2] and
Kalashnikov [15], many of the details of the proof are omitted. For notational
convenience  set R=(0,0)x(0,T) and R*=(a,b)x (1, T). If
v € €°N D(A,) then v’ is a classical solution to

vi=()n+fs(v'), >0, 0<x<o,
v/ (x,0)=vo(x), 0<x<oa,
“.4) vi(o,t)=8, t>0,
v'(0,0)=c¢co ifj=D and (v'(0,1))7=0 ifj=N.
Also, 8 = v'(x,1)= coon R by Lemma 4. Define w = (m/(m — l))v"“l so that

m-—1

1/(m~1)
v= (TW) = p(w),

and let g(w)= fi(u(w))Y(w)= fs(v)/v. Then
we=(m—Dww, +wi+(m—1wg(w).
Now for 0=r=1 let h(r)=Nr(4—r)/3 where N=¢5 ' and define p=
(h7'(w))x. Then, as in [2],
1 2 " h" ! 4
z(p ). —(m — Dhpp.. = [mh +(m —1)h(7) ]p

+ [(m + 1)k’ +2(m — 1)h%]p2px +(m — UP[WL

Now let {(x,t)€[0,1] be in €°(R) and assume that {(x,t)=1 on R* and
{(x,t)=0in a neighborhood of the lower and lateral boundaries of R. Also let
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z(x,1)= {(x.t)’p(x,1) on R. At a point (xe,t,) € R where z attains its maximum
value, we have

z, =20pp. +206p =0 and (m - Dhz, — 2z, =0.

This inequality takes the form

o2 " h"\r vy e 27..2
=g [t om = 0h() | 212 - G = gz +30m - DI

(4.5) ”
- gg,p‘[(m + 1)k’ +2(m ~ 1);,%]
Since

(g =5 [ m ~ 22+ 12| =0

we have that p(hg(h)/h’). =0, and the last term in (4.5) may be dropped. As in
[2]. we now obtain that

20p = Cip* + (s

pl’ and 2’=C,+ Ci/4

and the assertion of this lemma follows whenever v,€ €N D(A%,). The
general case of v, € @5 now follows by £'(0,a) approximations.

INDICATION OF THE PROOF OF THEOREM 4.  Let (xo, ts) € (0,0) X (0,) and select
a,b,r and T such that (x,.%) € (a,b) X (7, T). Let 8, | 0 and for each n = 1 select
af, €%, andau, € D(A} ;)suchthat f, | f uniformty on (n, co] for each n >0
and u, | u in &' It follows from Proposition 1 at the end of §2 that if

wi(x, ) =S5, (Dua](x). t>0, 0=x=o,
then wi(-, )} u’(-,t)in ' as n—, uniformly for f bounded. By Lemma 13,
(Wi, )7 " |=C  forall(x,t)E(a,b)x(r,T),

where C is independent of n (and depends only on a,b,7 and T). As in [2], using
the fact that w’, | u’, we can obtain that

|/ (x, 80))™ " = (W (p )" | = Clx —y |
and hence that

|/ (x, 1) — ' (y, )| = Ci|x =y [
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for all x.y € (a.b). In particular, if u/(y.t)=0and |y — x| = §, then |u/(x, 1,)| =
C8" " If u'(x.1)>0and t >0, it follows as in Oleinik et al. [20] that u/, exists
and is continuous in x. Thus the same is true for (u’);. Therefore, it suffices to
prove the assertion for points (xo, f) such that u’(x. ) = 0, and this was done in
Aronson [2}.

RemARK. Using the fact that the semigroups S}, preserve order in ', we
can show as in Oleinik et al. [20] that u’(x, ) = [S{t)uo](x) is in fact a classical
solution to (4.1) at all points (x,t) such that u'(x,£)>0.

Our final result shows that the generalized solution to (4.1) is continuous on

(0,0)% (0,%) and in fact is Hoelder continuous on each compact subset of
(0,0) x (0,).

THEOREM 5. Suppose that u,€ @, f is €' and u(x.t)=[SHt)uo)(x) for
(x,)E[0,0]x[0,0). Then u is continuous on (0,0)Xx(0,) and for each a,b,r
and Twith 0<a <b <tand 0 <1 <T, there is a constant C, depending only on
a.b,r and T, such that

lu(x.t)—u(y.t)|=Clx -y,

(4.6) lu(x,t)_u(x’s)léClt_slﬁ(ﬁ«»z)fl’

forall x,y €[a.b] and t,s €[1,T)], where 8 = (m —1)"'. Also, 7 may be replaced
by 0 if N =max{|(uo(x))7"'|:x €[0,0]} <> and C depends on N.

INDICATION OF PROOF. The first assertion in (4.6) follows from the proof of
Theorem 4. To prove the second assertion in (4.6) it suffices to show its validity
for appropriate approximations

wx,)=[S5(Du](x), t=0, 0=x=o0o

where 8 >0,68 |0, €%, fs | fand us ED (A%, )NV €™, us | uyin £', and the
constant C in (4.6) is independent of 8. By Lemma 13 there is a C,>0
(independent of §) such that |(w(x,1))7"'| = C, for (x,t) € [a.b] %[, T}, and so

[w(x.n)=wy D= elx -yl

for all (x,1),(y,t)E[a,b] X7, T] where w(r)=C*r® [B =(m —1)"']. Now we
follow the arguments of Kruzhkov {17]. Let a <xo<b and 1=t =T and set
d =min{l,x,— a,b — x4} > 0. Since 0 < w(x,1)= ¢, and |(w)?"'| = C,, there is a
positive constant M such that mC, =M, mcy '= M and - f5(co) = 4c,M. For
0<p=dand 0<At< T~ define

O’:{(X,t):t()<t<tn+At,'x —xu|§p}
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and let T denote the lateral and the lower sides of Q. Also, set w(p) = 8coM/p’,

(X, 1) = w(xo o) = [w(p)+ ;u(p)(t—t(,)+2c" x(.)z]
and

25, ) =w(x, ) - v (x.1)

for all (x,#)€ Q. It is routine to check that z*(x,t)=0 and z (x,t)=0 for
el If

Li(w)=m(w)y o, + mw™ v, — 1,

then L*(w)= ~f;(w)=0 and L*(v")=0. Thus L*(z*)=0 and the maximum
principle implies that z*(x,#)=0 in Q'. Thus w(x,t)=< v"(x,t) and

w{(to+ At xo) — w(lo, x0) = w(p)+ pu(p)At.
Define
L (v)=mw™ 'v, — v,
Then

L (z7)= - m(m = )w™ (.} — fo(w )+4—'@w ~ (o)

=- fa(C())+ M&-SCOZNI
= —fs(co) —dceM
=0.

By the maximum principle z (x,¢t)= 0 in Q' and it follows that
w(te+ At xg)— w(to, X0) Z ~ [w(p)+ n(p)At).
Therefore,
[w(to+ B8, x0) — w(to, Xo)| = w(p) + p(p)At

and so

lw(tn‘i"At XO) W(t{),XU)l = inf {w(p)+ y,(p)At} =G (A[)BUHZ) !

O<p=d

and the assertions in Theorem 5 are seen to be true.
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